In contrast to natural atoms, the potential wells for superconducting flux qubit (SFQ) circuits can be artificially controlled. When the inversion symmetry of the potential energy is broken, it is found that the multi-photon processes can coexist in the multi-level SFQ circuits. Moreover, there are not only transverse but also longitudinal couplings between the external magnetic fields and the SFQs with the broken inversion symmetry. The longitudinal coupling would induce some new phenomena in the SFQs. Here we show that the longitudinal coupling can result in the coexistence of multi-photon processes in the SFQs in analogue to the multi-level SFQ circuits. We also show that the SFQs can become transparent to the transverse coupling fields when the longitudinal coupling fields satisfy the certain conditions. We further show that the quantum Zeno effect can also be induced by the longitudinal coupling in the SFQs. Finally we clarify why the longitudinal coupling can induce coexistence and disappearance of single-and two-photon processes for a driven SFQ, which is coupled to a single-mode quantized field.
I. INTRODUCTION
Superconducting quantum circuits possess discrete energylevels and behave like natural atoms that the transitions between different energy levels can be induced by the electromagnetic fields. Thus, many experiments realized in natural atoms can also be demonstrated by using the superconducting quantum circuits, e.g., cavity quantum electrodynamics (e.g., in Refs. [1, 2] ), dressed states (e.g., in Refs. [3] [4] [5] [6] [7] ), electromagnetically induced transparency and adiabatic control of quantum states (e.g., in Refs. [8] [9] [10] [11] [12] ), and cooling for the superconducting qubits (e.g., in Refs. [13] [14] [15] ), the sideband excitations (e.g., in Refs. [16] [17] [18] ). In contrast to natural atoms, the potential wells of superconducting flux qubit (SFQ) circuits can be changed by adjusting externally applied magnetic fields, this tunability makes the SFQ circuits have many features which cannot be shown by the nature atoms.
In natural atoms, since the inversion symmetry of the potential energy is given by the nature and cannot be changed artificially. Thus each eigenstate has well-defined parity and the electric-dipole transitions can only link two eigenstates which have different parities. However, the inversion symmetry of the potential energy for the SFQ circuits can be controlled by the external magnetic flux. When the inversion symmetry is adjusted to be broken, there is no well-defined parity for each eigenstate of the multi-level SFQ circuits, and the microwave induced transitions between any two energy levels are possible, thus the multi-photon and single-photon processes can coexist for such multi-level systems. This coexistence of the multi-photon processes can be easily understood by virtue of an example using three-level SFQ circuits. That is, the transition between the ground state and the second excited state can be realized via two different pathes: (i) from the ground to the second excited states via a single-photon process; or (ii) from the ground state to the first excited state via a single-photon, and then from the first excited state to the second excited state via another single-photon process [19] . This means that the single-and two-photon processes can realize the same goal: the transition from the ground to the second excited states, and thus single-and two-photon processes can coexist in such system.
The coexistence [19] of the single-and two-photon processes in the three-level SFQ circuits with the cyclic transition, which is also called as ∆-type transition in analogue to the Ξ-, Λ-, and V -type transitions in atomic physics or quantum optics [20] , has been experimentally demonstrated via a delicate superconducting qubit-resonator circuit [21] . The three-level SFQ circuits with ∆-type transitions can be used to generate single photon [22, 23] and cool superconducting qubits [13, 14] . The analysis of the inversion symmetry for the potential energy of the SFQs [19, 24] also shows that one of SFQs cannot be at the optimal point when the frequency matching method is used to control the coupling between two SFQs. Thus an auxiliary circuit or a coupler [16, 25, 26 ] is necessary to make that both of SFQs can be at their optimal points [16, 24] . Afterwards, several theoretical works [27] [28] [29] [30] followed proposals in Refs. [16, 24] and studied how to control two-flux-qubit coupling using an additional nonlinear coupler, which results in experimental studies on the controllable coupling [31] and engineered selection rules for the tunable coupling [32] .
Here, we will first explain why the transverse and longitudinal couplings between the microwave fields and the SFQs can coexist, and then mainly focus on some unexplored phenomena resulted from the longitudinal coupling. The transverse coupling between a single-mode microwave field and the SFQ, which can be reduced to the Jaynes-Cummings model in the rotating wave approximation, is well studied in the quantum optics and atomic physics [20] . However, the model with both the transverse and longitudinal couplings is less studied. This is because electric-dipole induced longitudinal coupling does not exist in the natural atoms with welldefined inversion symmetry. But both couplings in the SFQs can coexist when the inversion symmetry of the potential en- (3) with solid curves and that in Refs. [19, 35] with dashed curves for the three lowest energy levels with i, j = 0, 1, 2. Here, the different transition matrix elements are denoted by different colors as shown in the figure. We take α = 0.8 and EJ = 40Ec in our numerical simulations.
ergy is broken. Therefore some results, which do not exist in the Jaynes-Cummings model, can be obtained when both couplings coexist. Moreover, we will also study the interaction between the driven SFQs and the low frequency harmonic oscillator [15, 33] when the inversion symmetry of the SFQs is broken.
Our paper is organized as below. In Sec. II, we will briefly review the SFQ circuits. As the complementary and generalization of Ref. [19] , we will also clarify some points which were not studied in our earlier literatures. For instance, how to take phase transformations so that the interaction between the SFQ circuits and the external circuit can be described via the product of the loop current of the SFQ circuits and the external magnetic flux, how the multi-photon processes can coexist in n-level systems when the inversion symmetry is broken. In Sec. III, we will present a Hamiltonian on the transverse and longitudinal couplings between the magnetic fields and the SFQs, and show how the longitudinal coupling can induce the coexistence of multi-photon processes in the SFQs. We will also demonstrate the longitudinal coupling induced dynamical quantum Zeno effect and the transparency of the SFQs to the transverse coupling fields. In Sec. IV, the transverse and longitudinal couplings between the driven SFQ and the low frequency harmonic oscillator (e.g., an LC circuit) is studied. We will explore the nature of the coexistence and disappearance of the single-and two-photon processes in the driven SFQs. Finally, we summary our results in Sec. V.
II. THEORETICAL MODEL AND COEXISTENCE OF MULTI-PHOTON PROCESSES IN MULTI-LEVEL SFQ CIRCUITS
In this section, we first briefly review the theoretical model on the interaction between the SFQ circuit with three Josephson junctions and the externally applied time-dependent magnetic flux. In the meanwhile, as the complementary and generalization of the results in Ref. [19] , we will clarify some points which were not studied in the former literatures (e.g., in Refs. [19, 34] ). Then we will summarize the selection rules and discuss the coexistence of multi-photon processes in the multi-level systems.
A. Hamiltonian and phase transformations
Let us consider a superconducting flux qubit (SFQ) circuit, which is composed of a superconducting loop with three Josephson junctions. As in Ref. [19] and Ref. [34] , the two larger junctions are assumed to have equal Josephson energies E J1 = E J2 = E J and capacitances C J1 = C J2 = C J . While for the third junction, the Josephson energy and the capacitance are assumed to be E J3 = αE J and C J3 = αC J , with α < 1. We assume that a static magnetic flux Φ e and a time-dependent magnetic flux Φ(t) are applied through the superconducting loop. In this case, the Hamiltonian can be given by
The potential energy U (ϕ p , ϕ m ) of the SFQ circuit is defined as
with the reduced magnetic flux f = Φ e /Φ 0 and the magnetic flux quantum Φ 0 . The third term IΦ(t) in Eq. (1) plays the similar role as the electric-dipole interactions between the nature atoms and the electric fields, and describes the interaction between the SFQ circuit and the time-dependent magnetic flux provided by the external circuit. The parameter I in Eq. (1) denotes the loop current of the SFQ circuit given by [24] 
when the time-dependent magnetic flux Φ(t) = 0, here I 0 = 2πE J /Φ 0 . We note that Eq. (3) is different from that in the former literatures (e.g., in Refs. [19, 35] ). This difference results from different phase transformations
with the superconducting phase differences φ 1 and φ 2 of the two identical Josephson junctions. We also use the phase constraint condition for superconducting phase differences φ i (with i = 1, 2, 3) of the three Josephson junctions as
when Eqs. (2) and (3) are derived.
In the former literatures (e.g., in Refs. [19, 35] ), the second term in Eq. (4) for the phase transformations has been neglected, thus I in Eq. (1) is the supercurrent operator of the third Josephson junction. However, the phase transformations in Eqs. (4) and (5) are more appropriate than that used in former literatures (e.g., in Refs. [19, 35] ) when the timedependent magnetic flux is considered. Because in this transformation, the interaction between the SFQ circuit and the external circuit can be explained by the product of the loop current I of the SFQ circuit [24] and the external magnetic flux Φ(t) provided by the external circuit. This is more reasonable than the product of the supercurrent operator of the third Josephson junction and the external magnetic flux Φ(t).
Physically, the interaction Hamiltonian between the SFQ circuit and the external magnetic flux Φ(t) in the former literatures (e.g., in Refs. [19, 35] ) is just an approximated result that the displacement currents in the Josephson junctions are simply neglected when the loop current is calculated. Therefore, the loop current is simply taken as one supercurrent of three Josephson junctions. However, here, the interaction Hamiltonian in the fourth term of Eq. (1) is an exact result that the displacement current for each junction is considered when the loop current is calculated.
We should also note that the transformations applied in Eqs. (4) and (5) do not change the basic results on the selection rules and the adiabatic control of the quantum states that were studied in Ref. [19] with neglecting displacement currents. This can be very easily verified by using Eq. (2) and Eq. (3), that is: (i) when f = 1/2 which is called as an optimal point, the potential energy in Eq. (2) is even function of the variables φ p and φ m , the supercurrent in Eq. (3) is the odd function of the variables φ m and φ p , therefore the potential energy and the supercurrent have the well-defined symmetry; (ii) when f = 1/2, the inversion symmetries for both the potential energy and the supercurrent in Eq. (2) and Eq. (3) do not exist. Therefore, when the f = 1/2 or f = 1/2, the conclusions in (a) and (b) are the same as those in Refs. [19, 35] . However due to the different expressions of the loop currents in Eq. (3) and in Refs. [19, 35] , the transition matrix elements will be re-normalized. Below we will further clarify this conclusion via the discussions on the selection rules and numerical calculations for the transition matrix elements.
B. Selection rules and coexistence of multi-photon processes in
n-level systems
As necessary supplementary and generalization of the results in Ref. [19] for the microwave induced transitions between two different energy levels, we now rewrite the Hamil- In this case, all transitions between any two energy levels are possible, i.e., there is no forbidden transition. For example, the loop formed by three red arrow lines (which link to ground state, the second excited state, and the nth excited state) denote a coexistence of single-and two-photon processes for the n + 1 level system. Of course, the coexistence of single-and two-photon processes can also be formed by the ground, first excited, and second excited states. However, the loop (formed by the green arrow lines which link the ground, second, third, until nth excited states) denotes the coexistence of the single-and n-photon processes for the n + 1 level system. This schematic diagram also shows that many different photon processes can coexist in the SFQ circuit with the broken inversion symmetry.
tonian in Eq. (1) using eigenstates {|i , i = 0, · · · n} of the SFQ circuits as the basis
with "dipole" matrix elements I ij (f ) = i|I|j and the eigenvalue ω ii of the eigenstate |i . Equation (2) clearly shows that the reduced magnetic flux f = Φ e /Φ 0 determines the symmetry of the potential energy of the SFQ circuits. As discussed above for f = 1/2, the potential energy in Eq. (2) and the loop current in Eq. (3) have inversion symmetries, and also all eigenstates of the SFQ circuit have welldefined parities. Because the loop current I in Eq. (3) is an odd function of the variables φ p and φ m , Therefore at the point f = 1/2, the SFQ circuit has the same selection rules as the natural atoms, the microwave-induced transition can only link two states which have different parities. However the symmetry is broken when f = 1/2, the selection rules of the SFQ circuits do not exist, the microwave induced transitions between any two energy levels are possible. The comparison of the selection rules between the SFQ circuits and natural atoms is summarized in Table I .
To compare the results on the reduced magnetic flux fdependent transition matrix elements using the loop current in Eq. (3) and that in Refs. [19, 35] , the transition matrix elements i|I|j versus the reduced magnetic flux is plotted in Fig. 1 for the three lowest energy levels with i, j = 0, 1, 2 and i = j. Numerical results in Fig. 1 also clearly show that there are the same transition rules induced by the loop current operator used either in Eq. (3) or in Ref. [19] . However, as shown in Fig. 1 , the amplitudes of the transition matrix elements are a little different for two different loop current expressions.
As shown in Table I and Fig. 1 , when the inversion symmetry of the potential energy is broken (i.e., f = 1/2), all transition matrix elements are not zero, thus the transitions between any two levels are allowed. In this case, the singlephoton and n-photon processes can coexist for a (n + 1)-level SFQ circuit. That is, for a n + 1 level system, the transition from the ground state |0 to the n excited state |n can be realized by either the single-photon process (|0 → |n ) or the n-photon processes (|0 → |1 → · · · |n − 1 → |n ). Similarly, many different photon processes can also coexist in the case with the broken inversion symmetry. The coexistence of single-and n-photon processes has been schematically shown in Fig. 2 . When n = 2, we have the three-level SFQ circuit as discussed in Ref. [19] , then the single-and two-photon can coexist. It should be noted that the transitions between two energy levels should obey the selection rules at the optimal point f = 1/2. The photon transition processes for the (n+1)-level SFQ circuit have been schematically shown in Fig. (3) for the case f = 1/2.
In the above, we mainly complement some analysis on the basic properties of the multi-level SFQ circuits. In view of the big progress for the experimental studies on SFQs [36] [37] [38] [39] , below we will focus on some unexplored features for the SFQs when the inversion symmetry of the potential energy is broken.
III. NEW PHENOMENA INDUCED BY LONGITUDINAL COUPLINGS BETWEEN SFQS AND EXTERNAL MAGNETIC FLUXES

A. Theoretical model on the couplings between SFQs and time-dependent magnetic fluxes
Let us consider the case of the two energy levels for the SFQs, i.e., n = 1, in this case, the Hamiltonian in Eq. (7) is reduced to that of the superconducting flux qubits (SFQs), driven by the time-dependent external magnetic flux. In  Fig. 4 , the matrix elements of the loop current I of the SFQs for the two energy levels |0 and |1 is plotted versus the re- The Schematic diagram for the photon transition processes when the inversion symmetry of the potential energy is well-defined, i.e., f = 1/2. For the convenience of the discussions, let us assume that the microwave induced transition between energy levels |n and |n + 1 is possible for the n + 1 level system. Therefore, it is clear that the transition between the state |0 and the state |2 is prohibited. In (a), if the transition between the state |2 and the state |n is prohibited, then the transition between the state |n and the state |0 is also prohibited; In (b), if the transition between the state |2 and the state |n is allowed, then the transition between the state |n and the state |0 is also allowed, however transition between the states |0 and |2 is forbidden. In both figures, the sign "×" denotes that the electric-dipole-like microwave induced transition is prohibited. Because the parities for those states are the same. duced magnetic flux f . Fig. 4 shows a well-known result that the loop current I in the ground |0 and the first excited |1 states are zero at the symmetric point f = 1/2. However, once the symmetry is broken, the loop current for both states are not zero. Therefore, for a SFQ interacting with the timedependent magnetic flux, we have the following Hamiltonian
Here
Let us now first discuss the interaction between the SFQs and the classical magnetic flux Φ(t) using the Hamiltonian in Eq. (8) when f = 1/2. The above analytical analysis together with Fig. 1 and Fig. 4 show
and
Therefore, in Eq. (8), the two coupling terms become into
with i = 0, 1, which means that there is no the longitudinal coupling between the time-dependent magnetic flux and the SFQ at the optimal point. There are only coupling terms I 01 (f = 0.5)(|0 1| + |1 0|)Φ(t) in Eq. (8), called as the transverse coupling between the time-dependent magnetic flux and the SFQ. Therefore, under the rotating wave approximation, the Hamiltonian in Eq. (8) at the optimal point can further be reduced to the Jaynes-Cumming model, which has been extensively explored in the quantum optics and the circuit QED system. When f = 1/2, all elements I ij (f ) with i = 0, 1 are not zero, the interaction Hamiltonian between the time-dependent magnetic flux and the SFQs includes both transverse and longitudinal couplings, which are less studied. This longitudinal coupling can induce some unusual phenomena which will be explored below. For the convenience of the discussions, our studies below just consider the case of the longitudinal and transverse couplings between one driving classical field and the SFQs, however all of discussions in the subsections III B, III C, and III D can be applied to the case with more driving fields.
B. Longitudinal coupling induced coexistence of multi-photon processes in SFQs
For the convenience of the discussions, using the relations in Eqs. (9) and (10), the Hamiltonian in Eq. (8) can be rewritten as
with σ z = |1 1| − |0 0| and σ x = |0 1| + |1 0|. Here, we assume the magnetic flux Φ(t) in Eq. (8) to be Φ(t) = Φ cos(ω 0 t), and then λ x = ΦI 01 and λ z = ΦI 11 . If the SFQ works at the optimal point (i.e., f = 0.5), then I 11 (f = 0.5) = 0 which implies the longitudinal coupling constant λ z = 0. In this case, Eq. (12) becomes into a standard Hamiltonian of a driven SFQ, and there is only singlephoton resonant transition in the SFQ induced by the external magnetic flux with the condition ω q = ω 0 .
When the reduced magnetic flux deviates from the optimal point, i.e., f = 0.5, there are both the transverse and longitudinal couplings between the SFQ and the external magnetic In contrast to the case of only the single-photon process for the transverse coupling between the SFQ and the external magnetic flux, the longitudinal coupling can result in the coexistence of the multi-photon processes in the SFQs. To demonstrate this, we now apply a unitary transformation
to Eq. (12), and thus the Hamiltonian in Eq. (12) becomes into
under the rotating wave approximation. The effective Rabi frequency in Eq. (14) is given by
which depends on both λ z and ω 0 with the Bessel functions J n (2λ z /ω 0 ) of the first kind. When Eq. (14) is derived, we use the relation
(16) We note if the SFQ works at the optimal point, then λ z = 0 and the Bessel functions
In this case, Eq. (14) is reduced to the usual Jaynes-Cumming model for externally driven two-level system, and only describes the single-photon resonant transition with the condition ω q = ω 0 . The single-photon process is characterized by the term for n = 0 in Eq. (14) with the amplitude
This is also a obvious result of Eq. (12) for λ z = 0 and with the rotating wave approximation as described above. However, for the case λ z = 0, all Bessel functions J n (2λ z /ω 0 ) and then λ n are nonzero besides some special ratios of 2λ z /ω 0 which are roots of the Bessel functions. For nonzero λ n , Eq. (14) shows a obvious resonant condition
Therefore when the inversion symmetry is broken, the longitudinal coupling can induce the coexistence of the multiphoton processes in the SFQ. The coexistence of the multiphoton processes in the SFQs are schematically shown in Fig. 5 . In summary, the condition for the coexistence of the multiphoton processes in the SFQs is: (a) the SFQs do not work at the optimal point, and thus there is both the longitudinal and transverse couplings between the SFQs and the external magnetic fluxes; (b) the ratios 2λ z /ω 0 are not roots of the function J n (2λ z /ω 0 ). The multi-photon processes in the SFQs with the driving fields [40] have been experimentally observed (e.g., in Refs. [41] [42] [43] [44] ). Thus the above two conditions and our studies here should be necessarily theoretical complementary to these experimental studies (e.g., in Refs. [41] [42] [43] [44] ).
We also notice that the Hamiltonian used in Eq. (12) is equivalent to one, commonly used in the literatures (e.g., Refs. [41, 42] ), described by
in the loop current basis. Because Eq. (21) can be easily transformed to Eq. (12) by using the qubit basis through diagonalizing the first two terms of Eq. (21).
C. Longitudinal coupling induced transparency of the SFQs to the transverse coupling fields
We now show how the longitudinal coupling field can result in the transparency of the SFQ to the transverse coupling fields. Let us first give the solutions of the Hamiltonian in Eq. (14) . We assume that the solutions |Ψ of Eq. (14) have the following form
Because of the expansion with the Bessel functions in the Hamiltonian corresponding to Eq. (14), there are many resonant peaks under the frequency matching condition ω q = (n + 1)ω 0 . If we assume that the frequency of the driving field satisfies the condition ω 0 = ω q /(n + 1), then the timedependent parameters A(t) and B(t) can be given by
Here, A(0) and B(0) are given by the initial conditions of Eq. (22) . The Rabi frequency Ω n and the parameter ∆ n are given by
If the SFQ is initially prepared to the ground state, i.e., A(0) = 1, and also the coupling constant λ n satisfies the condition λ n = 0, which can be obtained by tuning the ratios 2λ z /ω 0 so that these ratios make J n (2λ z /ω 0 ) as zero, then from Eqs. (23) and (24), we can obtain |B(t)| ≡ 0 and |A(t)| ≡ 1. In this case, the SFQ is always in its ground state and the population in the excited state is always zero even that the resonant condition ω q = (n + 1)ω 0 is satisfied, this means that the SFQ does not absorb the transverse coupling field and is transparent to the transverse field due to the existence of the longitudinal coupling. However when the longitudinal coupling is the zero, once the resonant condition is satisfied, the transverse field is absorbed by the SFQ.
D. Longitudinal coupling induced dynamical quantum Zeno effect
We now study another interesting phenomena on how the environmental effect on the flux qubit can be switched off by virtue of the longitudinal coupling field when the inversion symmetry of the SFQ potential energy is broken. The Hamiltonian of the driven SFQ interacting with the environment can be written as
with the definition σ x = σ + + σ − for the ladder operators σ ± . Here, as in Eq. (12), the longitudinal and transverse couplings between the SFQ and the classical fields are characterized by the parameters λ z and λ x . The environment is presented as a set of harmonic oscillators, each with the frequency ω i and the creation operator b † i . The coupling constant between the SFQ and the ith bosonic mode is denoted by g i . If a unitary transformation as in Eq. (13) is applied to the Hamiltonian in Eq. (27), then we have an effective Hamiltonian
Here, J n (2λ z /ω 0 ) and λ n are given in Eq. (15) .
It is clear that the SFQ is decoupled from its environment at the zeros of J n (2λ z /ω 0 ). Therefore, in contrast to the longitudinal coupling induced transparency, once the SFQ is initially prepared in its excited state, it will not decay to the ground state at these zeros, that is, the dynamical quantum Zeno effect (e.g., in Refs. [45, 46] ) occurs. Because at these zeros of the Bessel functions, λ n = 0 and g (n) i = 0, thus the interaction between the SFQ and its environment is switched off. If the SFQ is initially prepared in the excited state, i.e., B(0) = 1, then |B(t)| ≡ 1 and |A(t)| ≡ 0. In this case, the SFQ evolves freely and is always in its excited state, which is equivalent to a dynamical quantum Zeno effect [45, 46] .
Of course, at these zeros, if the SFQ is initially in a coherent state, then it will also coherently survive with a free evolution, because all the interaction between the SFQs and the external environment has been turned off via the longitudinal coupling.
IV. COUPLING BETWEEN A DRIVEN SFQ AND AN LC CIRCUIT WITH LOW FREQUENCY
A. Theoretical model
As shown in the red dashed box of Fig. 6 , we first consider the interaction between a SFQ and a low frequency LC circuit or a low frequency quantized magnetic field (e.g., Refs. [21, 33] ). The Hamiltonian can be given by
which can further be written as
with the coefficients
Here, we have used the condition I 01 = I 10 . The transverse and longitudinal couplings of the SFQ to the LC circuit are realized via the coupling constants g 1 and g 2 . The analysis of the inversion symmetry of the SFQ potential energy tells us that the longitudinal coupling vanishes (i.e., g 2 = 0) only at the optimal point f = 0.5, however the transverse coupling is always no zero. Below, we will study the case that both transverse and longitudinal coupling terms are no zero for the reduced magnetic flux f = 0.5.
As in experiments [15, 21] and also theoretical studies in Ref. [33] , we now consider that the LC circuit and the SFQ are in the regime of the very large detuning, i.e., the dispersive regime In this condition, for the simplicity of the discussions, we take an approximation
and apply a unitary transformation U = exp(−iS) to Eq. (31) with
then we have an effective Hamiltonian
which has been obtained in Ref. [33] . Here, we only keep to the first order of g 1 /∆. As discussed in Ref. [33] , this transform considers that the transverse coupling affects the SFQ via a second-order longitudinal coupling.
B. Single-and two-photon coupling between the low frequency oscillator and the driven SFQ
Let us now discuss the coexistence and disappearance of the single and two-photon processes in the driven SFQs when the longitudinal coupling appears. As shown in Fig. 6 , we assume that a classical magnetic flux Φ(t) with the frequency ω 0 is applied to the SFQ, which is coupled to an LC circuit. We consider a general case for the reduced magnetic flux f = 1/2, in this case, the classical field has both the transverse and longitudinal couplings to the SFQ via the operators σ x and σ z . The total Hamiltonian can be given by
As for obtaining Eq. (37), we first apply the unitary transformation U = exp(−iS) to Eq. (38), then we obtain an effective Hamiltonian
Here, we have neglected the coupling between the LC circuit, the SFQ and the classical magnetic flux by taking a similar approximation as in Ref. [33] . This means ω q = ω 0 + ω. However, in contrast to the Ref. [33] where only the transverse coupling term is kept, here we keep the both longitudinal and transverse couplings between the classical field and the SFQ. Let us now further apply another unitary transformation
to Eq. (39), then we have
with the effective Rabi frequency λ n = λ x J n (2λ z /ω 0 ). Here, only the term for n = 0 with the amplitude λ 0 = λ x J 0 (2λ z /ω 0 ) is the time independent. We assume that the SFQ frequency ω q is near at the frequency (n + 1)ω 0 , then other fast oscillating terms can be neglected. In the rotating reference frame V (t) = exp(−inω 0 σ z t/2) and using the dressed SFQ basis, Eq. (41) becomes into
with the dressed qubit frequency
Here, the subscript "R" means in the rotating reference frame. We only consider the case that ω = Ω R or 2ω = Ω R , thus the other fast oscillating terms are neglected. The coupling constants β 1 and β 2 are
Equation (42) shows that the single-photon process survives when Ω R = ω, however two-photon process appears when Ω R = 2ω. For the single-and two-photon processes in the driven SFQ shown above, we should notice: (i) when the driven SFQ is at the optimal point f = 1/2, then g 2 = 0 and the Hamiltonian in Eq. (31) is reduced to that of the Jaynes-Cumming model, therefore β 1 = 0 in Eq. (42) and only two-photon process exists. However when f = 1/2 corresponding to the broken inversion symmetry of the SFQ potential energy, both g 1 and g 2 are not zero, and thus β 1 and β 2 in Eq. (42) take no zero values, single-and two-photon processes can coexist.
(ii) Eq. (42) also shows that both β 1 and β 2 are proportional to the nth Bessel functions J n (2λ z /ω 0 ). In the case of zeros of the nth Bessel functions, the transverse coupling via σ x between the driven SFQ and the LC circuit is switched off, neither single-photon process nor two-photon process can be observed in the driven SFQ. This is an additional condition to obtain the coexistence of the single-and two-photon processes in the driven SFQ [21] . Therefore, the ratio between the longitudinal coupling constant λ z and the frequency ω 0 of the driving field determines the coexistence and disappearance of the single-and two-photon processes. (iii) Due to the coexistence of the single-and two-photon processes in the case of the transverse and longitudinal couplings, the preparation and the engineering the quantum states of the harmonic oscillator can be more efficient. (iv) As the closing remark of this section, we also note that the dynamics of the SFQ and the LC oscillator in the dispersive regime beyond the rotating-wave approximation has been studied in Ref. [47] . This method can also be applied to our studies here.
V. CONCLUSIONS AND DISCUSSIONS
In summary, as the necessary complementary and generalization of our earlier studies [19] , we first study physically reasonable phase transformations when the time-dependent microwave is applied, and then study the microwave induced transitions between different energy levels in the multi-level systems formed by the SFQ circuits. We have compared the selection rules between these artificial superconducting "atoms" and the natural atoms. It is found that the selection rules for such multi-level systems are the same as those of the multi-level natural atoms when the reduced bias magnetic flux f , applied to the superconducting loop of the SFQ circuits, is at the optimal point f = 0.5. This is because the symmetry of the potential energy is well defined in this case. However, when the reduced bias magnetic flux is not at optimal point, i.e., f = 0.5, the superconducting "atoms" have no selection rules, in this case, the microwave induced transitions between any two energy levels are possible.
The inversion symmetry of the potential energy for the SFQ circuits is not only important to the multi-level systems, but also important to the two-level systems (qubits). With the broken inversion symmetry, there are both the transverse and longitudinal couplings between the SFQs and the external magnetic fluxes. Comparing with the two-level atoms that only have the transverse coupling, the longitudinal coupling can induce several new results. For example, in the two-level natural atoms, the multiphoton processes cannot coexist due to the well-defined parities of the eigenstates, however, in the SFQs, the longitudinal coupling can induce coexistence of the multiphoton processes. We also demonstrate that the longitudinal coupling can result in: (i) the transparency of the SFQ to the transverse coupling field; (ii) the dynamical quantum Zeno effect.
We further study the coupling between the driven SFQ and the LC circuit with the low frequency. We show that the longitudinal coupling can result in the coexistence of the singleand two-photon processes in contrast to only single-photon process for the case that the longitudinal coupling is zero. We also obtain the conditions that the single-and two-photon processes can disappear even there is longitudinal coupling. We hope that all of these phenomena can be experimentally demonstrated in the near future by using two-level superconducting quantum circuits.
Finally, we remark: (i) all these results for the SFQs can also be generalized to the superconducting phase [48, 49] and charge [50] [51] [52] [53] qubit circuits, because all these qubits have the same Hamiltonians as in Eq. (12) and Eq. (31) when the qubits are not at optimal point. Here, we note that our studies can always be applied the phase qubits which have have no optimal point. (ii) The study on transverse and longitudinal couplings between the superconducting qubit and the LC circuit in the resonant or near-resonant case have been studied, e.g., in Ref. [51] , however some new aspects induced by the longitudinal coupling are still needed to be further explored in the near future. 
